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Abstract
A new approach is proposed to detect edges based on an artificial neural network (ANN).
Some elementary continuous and discontinuous functions interpolated in the polynomial
space and their continuity are used as the training sets to train a back propagation neural
network containing two hidden layers. TheANNedge detector is used to detect the edges in an
image and the locations of discontinuity in the hybrid fifth order Compact-WENO nonlinear
(Hybrid) scheme for solving hyperbolic conservation laws with solutions containing both
discontinuous and complex fine scale structures. Several classical examples in the image
processing show that the ANN edge detector can capture an edge accurately with fewer
grid points than the classical multi-resolution analysis. Furthermore, as oppose to the MR
analysis, the ANN edge detector is robust with no problem dependent parameter, in addition
to being accurate and efficient. The performance of the Hybrid scheme with the ANN edge
detector is demonstrated with several one- and two-dimensional benchmark examples in the
shallow water equations and Euler equations.
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1 Introduction

Characteristic-wise weighted essentially non-oscillatory (WENO) conservative finite dif-
ference scheme, as a class of high order/resolution nonlinear scheme for the solutions of
hyperbolic conservation laws in the presence of shocks and small scale structures, was ini-
tially developed by Jiang and Shu [14] (for details and history of the WENO scheme, see
[3,4,25] and references therein). However, theWENOscheme is fairly complex to implement,
computationally expensive and too dissipative for certain classes of problems. A natural way
to alleviate some of these difficulties is to construct a hybrid scheme conjugating a nonlinear
WENO scheme in the non-smooth stencils with a linear (Compact, finite difference, or spec-
tral) scheme in the smooth stencils [5,11,17,18,22]. The key issue in any hybrid scheme is the
design of an accurate, robust, and efficient high order shock detection algorithm that is capable
of determining the smoothness of the solution at any given grid point and at any given time.

In the last 2decades, many shock detection methods for the hybrid scheme for solving
hyperbolic conservation laws have been developed. Costa et al. [5,6] described the arbi-
trary order multi resolution (MR) analysis by Harten [13] for identifying the non-smooth
and smooth stencils in the hybrid scheme. Generally speaking, high order MR analysis is
preferable to a low order shock detector and the conjugate Fourier shock detector in the high
order hybrid scheme for its efficiency (with its O(N ) floating point operations count). Don
et al. [8] proposed the conjugate Fourier shock detector which uses the conjugate Fourier
partial sum and its derivative in detecting discontinuities in a function. It is a parameter free
technique and successfully has been employed in the high order hybrid Compact-WENO
finite difference scheme (Hybrid) for solving hyperbolic conservation laws. The MR analy-
sis performs well as long as a suitable, problem-dependent parameter (MR Tolerance εMR)
is chosen. εMR is used in a threshold, which decides whether or not to label an element as
a troubled cell. Gao et al. [12] combined the Tukey’s boxplot method and MR analysis for
solving the hyperbolic conservation laws with the Hybrid scheme. The improved Tukey’s
boxplot method essentially removes the need of specifying εMR , and thus greatly improves
the robustness of the Hybrid scheme.

Artificial neural network (ANN) is an interconnection network composed of simple neu-
rons. The neurons that make up such a parallel and extensive network are often adaptable.
The organization of the network can “simulate the interaction of biological nervous system
with real world objects” [15]. Back propagation (BP) network is one of the most widely
used neural network. It was proposed by Rumelhart and McCelland [20]. It is a multi-layer
feedforward network trained by the error back propagation algorithm. BP neural network
can learn and store a large number of related mathematical models without revealing and
describing the mathematical equation of the mapping relationship between the input and
output beforehand.

Ray et al. [19] proposed an approach to detect discontinuities usingANN tofind a troubled-
cell where the limiter should be used in the Runge–Kutta discontinuous Galerkin (RKDG)
method for solving hyperbolic conservation laws. The training process is performed offline on
a robust data set consisting of canonical samples characterizing the local solution structures of
conservation laws. Feng et al. [9] also designed a characteristic-featured shockwave indicator
for the RKDG method based on the ANN. The numerical results demonstrate that the ANN
troubled-cell indicator does not need the parameters related to the problem and performs
better than the TVB limiter with an optimally chosen parameter M .

The main goal in this study is to construct an ANN edge detector, which can be used in
the image processing and in the Hybrid scheme for the solutions of hyperbolic conservation
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Fig. 1 The BP neural network for edge detection

laws. We first improve the training sets in [19] with an extensive set of basis function in the
polynomial space Pk (here, k = 5 is the optimal order of theWENOfinite difference scheme,
which is used in the Hybrid scheme). Secondly, three mean values and u± used as the input
in the RKDG method are replaced by five-point values of a solution in the Hybrid scheme.
The detailed training process including the input, output, network structure and data set will
be shown in Sect. 2. Last but not least, we construct a two hidden layers BP network with
{8, 4} neurons respectively, which can use less training time than that in [19] containing five
hidden layers with {256, 128, 64, 32, 16} neurons. The accuracy of the ANN edge detector is
demonstrated by capturing an edge in the classical images with about two grid points. Finally,
we investigate the applicability of the ANN edge detector in the high order Hybrid scheme for
solving hyperbolic conservation laws. Compared with the Hybrid scheme with the classical
MR analysis [5,30] (Hybrid-MR) in terms of accuracy and efficiency, the Hybrid scheme
with the ANN edge detector (Hybrid-ANN) use similar CPU time, but usually generates
much sharper discontinuous stencils. Its percentage of theWENO reconstruction is only half
of that in the Hybrid-MR scheme.

This paper is organized as follows. In Sect. 2, we briefly introduce the BP network and
present the algorithmof theANNedge detector. In Sect. 3, representative examples in the edge
detection of the one-dimensional function with multiple discontinuities and two-dimensional
Shepp–Logan image are given. In Sect. 4, the Hybrid scheme is briefly reviewed. In Sect. 5,
several one- and two-dimensional shocked problems are simulated to illustrate the perfor-
mance of the Hybrid scheme. Concluding remarks are given in Sect. 6. The sixth order
compact finite difference scheme, fifth order WENO-Z finite difference scheme and MR
analysis are given in “Appendix”.

2 Artificial Neural Network Edge Detector

In this section, we will design an edge detection algorithm based on an ANN. We focus
on a Back propagation (BP) neural network [20], which is one of the most widely used
neural network at present. The BP network can learn and store a large number of related
mathematical models without revealing and describing the mathematical equation of the
mapping relationship between the input and output beforehand. Its network model topology
includes the input layer, hidden layers and output layer, which is shown in Fig. 1. Here ωi
and bi, (i = 1, 2) are the weights and biases which might be various in each neuron in the
hidden layers. The detailed descriptions on the BP network are referred to the Matlab help
document: https://www.mathworks.com/help/deeplearning/ref/feedforwardnet.html.
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The learning process of BP neural network can be divided into two steps. They are the
forward calculation process and the error back propagation process. In the forward calculation
process, the preprocessed input is entered into the network from the input layer, and then
calculated layer by layer through the hidden layers. Finally, it is transferred to the output
layer. The state of each layer of neurons only affects the state of the next layer of neurons.
If the output value of the output layer does not satisfy the expectation, it enters the error
back propagation process. The error signal returns along the original connection path, and
adjusts the weights and biases of each layer of the network one by one until the input layer is
reached, and then repeats the forward calculation. These two processes alternate and repeat,
constantly adjusting and updating the weights and biases of each layer. When the network
error is minimal or has met the expectation, the learning process ends.

2.1 Input and Output

In this work, the number of neurons in the input layer is NI = 5, and the input value of
the network is selected as the function values f = ( fi−2, fi−1, fi , fi+1, fi+2) at the five
uniformly spaced points (xi−2, xi−1, xi , xi+1, xi+2) with a constant cell size �x around xi .
A linear normalization algorithm is used to preprocess the input data and to normalize the
input function values into [−1, 1] :

f̂ j = f j
maxk=−2,...,2(| fi+k |, 1) , j = i − 2, . . . , i + 2, (1)

where f̂ is a normalized vector of f .
The output value Oi represents the smoothness of fi , and the number of neurons in

the output layer is NO = 1. Rounding Oi , [Oi ] is used to mark whether the function is
discontinuous or smooth at the point of interest xi by a Flagi as

Flag(xi ) = Flagi = [Oi ] =
{
1, discontinuous,
0, smooth.

(2)

2.2 Network Structure

As an operationmodel, a neural network is composed of a large number of neurons connected
with each other. The number of neurons and the selection of activation function play an
important role in the neural network.TheBPneural network constructed for the edgedetection
in this study contains two hidden layers H1 and H2. The number of neurons of the hidden
layers could influence the performance of the neural network once the number of layers is
determined. Enough neurons of the hidden layer are the premise to ensure that the nonlinear
network approximates any curve, but too many neurons of the hidden layer will slow down
the convergence rate. According to [10], the number of the neurons of the hidden layer
can be estimated by a empirical formula NH = √

NI + NO + a , where a ∈ [1, 10] is
the adjustment constant. As for the network used in the Hybrid-ANN scheme NI = 5 and
NO = 1, thus the number of neurons in the hidden layers can be chosen as NH ∈ [3, 13].
Furthermore, the number of neurons in the output layer is NO = 1, we choose the second
layer with fewer neurons than the first layer, which is more convenient for classification and
reduces the amount of calculation. Thus the number of neurons of hidden layer is set to
{NH1 , NH2} = {8, 4} respectively.
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Table 1 Data set: Functions f (x) , parameter values, definition domains D , discontinuous identifiers Flag
and the number of functions in the data set

f (x) Parameter D Flag Number

sin(2πx) – (0, 1) 0 18000

kx k ∈ (− 10, 10) (− 1
k , 1

k + 4�x) 0 40,000

k|x | k ∈ (− 10, 10) (− 1
k , 1

k + 4�x) 1 10,000

kxa k ∈ (− 10, 10), a = 2, . . . , 5 (− 1
k , 1

k + 4�x) 0 40,000

l(x < x0) + r(x > x0) l ∈ (− 1, 1), r ∈ (− 1, 1) (0, 1) 1 80,000

c c ∈ (− 1, 1) (0, 1) 0 20,000

The purpose of activation function is to introduce nonlinearity into the network model.
We choose the Relu activation function f (x) = max(0, x) in the hidden layers H1 and H2,
which will expand the feature effect in the process of cycling. In the output layer, the sigmoid
function f (x) = 1

1+e−x is used to map the output number Oi to the range (0, 1). Thus, Oi

means the probability that the point xi is identified as a discontinuous point or not. Readers
are referred to [19] for the different activation functions.

2.3 Data Set

In this section, a data set is created for training purposes and used to test the accuracy of the
neural network.Asmentioned inSect. 2.1, the input values f = ( fi−2, fi−1, fi , fi+1, fi+2)of
the data set are the point values of the function f (x) at the points (xi−2, xi−1, xi , xi+1, xi+2),
which are the locations of the grid point (assuming to be uniformly spaced with cell size �x
in this study) in the function definition domain D. By reasonably selecting functions and
parameters, the function values in the data set are normalized in [−1, 1]. A data set can be
created by the following algorithm.

Algorithm 1 (Data set creation)

1. Choose a function f (x) and its parameters in Table 1.
2. Pick a point xi and set a meshsize �x such that (xi − 2�x, xi + 2�x) ∈ D.
3. Compute the function values f = ( fi−2, fi−1, fi , fi+1, fi+2).
4. Set the true output Flagi = Oi where Oi = 1 if the function is discontinuous at the point

xi and Oi = 0 otherwise.

The number of functions, parameter values, definition fields, discontinuity marks and the
number of functions selected in the data set are shown in Table 1. We randomly choose
75% of the data set as the training set and the rest 25% as the test set. The training set is
implemented to build up a network, while the test set is to validate the accuracy of the trained
network. Once we obtain the trained network, the ANN edge detector can be designed by the
following algorithm.

Algorithm 2: (ANN edge detector)

1. Create the data sets f and O by Algorithm 1.
2. Train the BP network constructed in Sect. 2.2, get and save the corresponding relationship

between the input and output, that is the trained network N .
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Table 2 10 times accuracy test for the test set

k 1 2 3 4 5 6 7 8 9 10

Accuracy 97.8% 97.3% 98.3% 96.8% 97.4% 97.2% 97.3% 96.7% 97.1% 97.4%

3. For the function value f̃i at the point x̃i need to be judged smooth or not, compute and
normalize f̃ = ( f̃i−2, f̃i−1, f̃i , f̃i+1, f̃i+2) to obtain f̂ to be used as the network input.
The output Õ and Flagi = [Õi ] are computed through the saved network N .

Table 2 shows the accuracy for identifying the discontinuities of the test set through
the saved network N by randomly dividing the data set into the training set and test set
respectively k times. It can be observed that the accuracy of each training session is greater
than 96%.

3 Numerical Results for Edge Detection

In this section,wewill present someone- and two-dimensional benchmark images to illustrate
the ability of edge capture in the image edge detection. The edge set S here contains all the
centers which are identified as the edges/boundaries/sharp gradients, which means S =
{xi

∣∣Flag(xi ) = 1, ∀i}.

3.1 One-Dimensional Multi-wave Function

We first consider a multi-wave function, which includes the smooth Gauss function, discon-
tinuous square function, piecewise linear triangular function and continuous elliptic function.
This function tests the abilities of any discontinuity detector in identifying a smooth function
and discontinuities in the function and/or its first derivative under various grid resolutions.
Its function expression is as follows:

f (x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1
6 [G(x, β, z − δ) + 4G(x, β, z) + G(x, β, z + δ)], x ∈ [−0.8,−0.6],
1, x ∈ [− 0.4,− 0.2],
1 − |10(x − 0.1)|, x ∈ [0, 0.2],
1
6 [F(x, α, a − δ) + 4F(x, α, a) + F(x, α, a + δ)], x ∈ [0.4, 0.6],
0, else,

(3)

where G(x, β, z) = e−β(x−z)2 , F(x, α, a) =
√
max

(
1 − α2(x − a)2, 0

)
, and z = − 0.7,

δ = 0.005, β = log 2
36δ2

, a = 0.5, α = 10.
Figure 2 shows the detection results, where the red quadrangles and blue triangles denote

the set of points in the edge set S detected by the ANN edge detector and the MR analysis
with εMR = 2 × 10−2. The locations of all the discontinuities (both in the jumps in the
function and its first derivative) of the multi-wave function (3) are identified more clearly,
accurately and sharply by the ANN edge detector. For the step function, the jump locations
in the function at x = − 0.4 and x = − 0.2 are accurately determined by the ANN edge
detector, due to the step function l(x < x0) + r(x > x0) in the training set. Because of
the absolute value function k|x |, the ANN edge detector also can capture jump in the first
derivative at x = − 0.7 and x = 0.1. No false positive results from the ANN edge detector
are observed in both the lower (N = 150) and higher (N = 250) mesh resolutions solutions.
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Fig. 2 Discontinuity detection of the multi-wave function by the ANN edge detector and the MR analysis
with the mesh resolutions (Left) N = 150 and (Right) N = 250 respectively

Fig. 3 Discontinuity detection of
the piecewise function by the
ANN edge detector and the MR
analysis with the mesh resolution
N = 50
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3.2 One-Dimensional Piecewise Function

In this example, a piecewise function with five discontinuities of different jump heights is
considered. As shown in Fig. 3, the degree of edge (strength) of the function varies greatly in
different regions. The jumps of the function are ranged from 1 to 16. This example tests the
ability of the edge detector in capturing edges of a multi-scales function. The red quadrangles
in Fig. 3 show the detection results of ANN edge detector and the blue triangles show the
results of MR analysis with εMR = 1 × 10−1. The results show that present method can
not only capture each discontinuity, but also only with two grid points around it. The MR
analysis, however, needs at least four grid points. Hence, the ANN edge detector is more
accurate than the MR analysis.

3.3 Edge Detection of Two-Dimensional Image

Next, we test the performance of the ANN edge detector in the two-dimensional image edge
detection. In the calculation process, the dimension splitting method is used. That is, the
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Shepp-Logan Image x−direction y−direction x− and y−directions

Fig. 4 Edge detection of Shepp-Logan image with the image resolution N × M = 256 × 256 . From left
to right: the original image, the edges in x-direction, the edges in y-direction and the edges in both x- and
y-directions

Fig. 5 Detection results of
Shepp–Logan image with the
image resolution
N × M = 256 × 256 along the
x-direction at y = 111
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edges are detected along the x- and y-directions respectively, and the final edge set is the
union of the edge sets detected along the x- and y-directions.

Shepp–Logan image is a classical image, which is used to simulate the gray image of
human brain, and it is also a two-dimensional piecewise function. Shepp–Logan image con-
sists of a large ellipse (representing the brain, the corresponding function values are large)
and several small ellipses (representing some characteristic structures of the brain, the corre-
sponding function values are small). The intensity of each edge of the image varies greatly,
where the minimum and maximum jumps are 0.1 and 1 respectively, so it is often used to test
the ability of edge detection method in capturing the edges with multi-scale discontinuities.
As shown in Fig. 4, under the image resolution N ×M = 256×256, the ANN edge detector
can accurately capture both the large and small discontinuities simultaneously.

Figure 5 shows the edge detection results of Shepp–Logan image along the x-direction at
y = 111 using the ANN edge detector and the MR analysis with εMR = 5.0 × 10−5. The
accuracy of edge detection can be observed more intuitively. Edge detection method based
on the ANN can not only detect the edges with jump size of discontinuity accurately, but also
perform well in detecting multiple edges. The results confirm that the ANN edge detector
behaves better than the MR analysis in identifying the locations of edges with a fewer grid
points.

The last three examples in the edge detection are the sunflower, a small plane with back-
ground noises and an image used for testing resolution as shown in Fig. 6. The MR tolerance
εMR in the MR analysis are 4.0 × 10−2, 2.0 × 10−2 and 22.0 respectively. One can easily
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Fig. 6 Final edges of images with the image resolution N × M = 256 × 256. (Top) The original images,
(Middle) the detected edges by the ANN edge detector and (Bottom) the detected edges by the MR analysis

see that the ANN edge detector works very well in detecting edges with both large and small
jumps even when some photos contain some fine scale structures and noises.

4 Hybrid Scheme

In this section, wewill review the temporal-spatial adaptive algorithmof the high order hybrid
Compact-WENO finite difference scheme that is used for solving both the shallow water
equations and the Euler equations [8,12,30]. The details for implementation of the numerical
schemes (the sixth order compact finite difference scheme, the fifth order characteristic-wise
WENO-Z finite difference scheme with the global Lax–Friedrichs flux splitting via the Roe
eigensystem, the eighth order finite difference filtering and the third order Runge–Kutta
TVD scheme) used in this study can be found in [8,12,30] and will be briefly introduced
in “Appendix”. Other temporal-spatial adaptive hybrid algorithms using different shock-
detection algorithms, for example [5,11,17,18,22,23] can be used as an alternative method.
Interested readers are referred to references and contained therein for details.

The hybrid algorithm consists of five main steps that, (1) at the beginning of the Runge–
Kutta time step, determine the smoothness of solution at a given grid point by a shock
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Fig. 7 Diagram of the buffer zone

detection method, (2) markup the grid points with a Flag, (3) setup a buffer zone (blue circle
in Fig. 7) around the non-smooth grid point, (4) compute the first derivative of the flux with
the fifth order WENO-Z scheme at the non-smooth stencils and with the sixth order central
compact scheme otherwise, and (5) at the end of the Runge–Kutta time step, stabilize the
solution by a eighth order finite difference filtering [26] in the smooth stencils if needed.

In the following discussion, we shall denote the hybrid Compact-WENO finite difference
scheme using theMRanalysis andANNedge detector as theHybrid-MR scheme andHybrid-
ANN scheme respectively, and collectively refer to both schemes as the Hybrid schemes.

Remark 1 From our extensive numerical experience in the previous works about the hybrid
Compact-WENO schemes, the stabilization is only needed at each RK–TVD step. It is
because the CFL = 0.45 is sufficiently small to avoid the collisions of the characteris-
tics, that is, the solution remains to be relatively smooth in the smooth regions as computed
by the compact scheme, at each full time step. To ensure a smooth transition between a
smooth region which is computed by the linear compact scheme and a discontinuous/high
gradient region which is computed by the nonlinear WENO scheme, a buffer zone of size
2r , [where (2r − 1) is the order of the WENO scheme], is empolyed to avoid sudden large
change of order of accuracy next to a cell containing a shock.

5 Numerical Results for Hybrid Schemes

Todemonstrate the performance of theHybrid-ANNscheme,we present the numerical results
of several shocked flow problems in the one- and two-dimensional shallow water equations
and Euler equations. We shall provide the numerical solutions computed by the WENO-Z,
Hybrid-MR andHybrid-ANN schemes and give their corresponding CPU timing results. The
WENO percentage is defined as the percentage of non-smooth stencils solved by theWENO-
Z scheme in the whole domain. In all the examples below, the third order TVD Runge–Kutta
method [3] with CFL = 0.45 is used for the temporal evolution of the resulted ODE at each
grid points.

5.1 ShallowWater Equations

The two-dimensional shallow water equations take the form

Qt + Fx + Gy = S, (4)

where the vectors of conservative variables Q, fluxes F and G in the x- and y-directions,
respectively, are

Q = (h, hu, hv)T , F =
(
hu, hu2 + 1

2
gh2, huv

)T

,
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Fig. 8 One-dimensional dam-breaking problem over a rectangular bump with the mesh resolution N = 500.
(Left) The water surface level h + b and (Right) momentum hu at time t = 15

G =
(
hu, huv, hv2 + 1

2
gh2

)T

, S = (
0,−ghbx ,−ghby

)T
.

Here h is the water height, (u, v)T is the velocity vector, b(x, y) is the bottom topography
and g = 9.812 is the gravitational constant. The well-balanced technique [29,30] is used in
the Hybrid schemes to reformulate the source terms to maintain the exact C-property, which
means that the scheme can preserve the still water stationary solution h + b = constant and
u = 0 exactly [2].

5.1.1 One-Dimensional Dam-Breaking Problem Over a Rectangular Bump

In this section, a classical test case in [27] is selected to study the ability of Hybrid schemes
to capture the shocks in complex situations. We simulate the one-dimensional dam-breaking
problem on a rectangular bulge, which involves unstable flow over a discontinuous bottom
topography

b(x) =
{
8, if |x − 750| ≤ 1500/8,
0, otherwise.

The initial conditions are

h(x, 0) =
{
20 − b(x), if x ≤ 750,
15 − b(x), otherwise,

u(x, 0) = 0.

The final time is t = 15. In Fig. 8, we compare the solutions computed by the Hybrid-
ANN scheme and the Hybrid-MR scheme with the mesh resolution N = 500. The temporal
histories of the WENO-Z reconstruction at each grid point computed by the Hybrid schemes
are shown to demonstrate the performance of the Hybrid schemes in Fig. 9. In this example,
although the water depth h contains discontinuities at x = 562.5 and x = 937.5 respectively,
it is clear that the essentially non-oscillatory solutions are obtained accurately and agree very
well with those in the literature [29,30]. As shown in Table 3, the Hybrid schemes are faster,
and at higher mesh resolution N = 5000, can be almost three times faster than the WENO-Z
scheme. Furthermore, the WENO percentage in the Hybrid-ANN scheme is only half of that
in the Hybrid-MR scheme. It will be confirmed again in the following examples.
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Fig. 9 Temporal histories of theWENO-Z reconstruction as computed by the Hybrid-MR scheme and Hybrid-
ANN scheme

Table 3 One-dimensional dam-breaking problem over a rectangular bump

N WENO Hybrid-MR Hybrid-ANN

Seconds Seconds SF Percentage (%) Seconds SF Percentage (%)

100 5.6E−3 4.1E−3 1.36 45.5 2.6E−3 2.15 20.8

500 8.0E−2 3.3E−2 2.43 10.8 3.1E−2 2.62 5.0

5000 7.74 2.8 2.76 1.28 2.82 2.74 0.5

The CPU timings, speedup factors (SF) and WENO percentage of the WENO-Z and Hybrid schemes

5.1.2 Two-Dimensional Dam-Breaking Problem

Here, we investigate the performance of the Hybrid-ANN scheme in simulating the two-
dimensional dam-breaking problem. The computational domain is [0, 200]2. The width of
the dam is set to be 5 and the breach is located from x = 97 to x = 102 and between y = 65
and y = 135. The boundary conditions are reflective at the top and bottom boundaries, and
the inflow and outflow boundary conditions are imposed in the left and right boundaries
respectively.

The initial conditions are

h(x, y, 0) =
{
10, if x ≤ 100
5, otherwise

,

hu(x, y, 0) = hv(x, y, 0) = 0. (5)

The water surface level and WENO Flag in x- and y-directions are shown in Fig. 10 at
time t = 7.2. The sharp water front formed by the breaking of the dam is captured essentially
oscillations free. The shear vortical structures generated at the tips of the breach are in a good
agreement with those shown in [1].

Table 4 shows the comparative results of theCPU times and speedup factors of theWENO-
Z scheme, Hybrid-ANN scheme and Hybrid-MR scheme with εMR = 5 × 10−4 with the
mesh resolution N × M = 400 × 400. We can clearly find that the Hybrid schemes allow a
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Fig. 10 Two-dimensional dam-breaking problem. (Left) The water surface level h + b and (middle) Flagx
and (right) Flagy identified by (Top) the ANN edge detector and (Bottom) the MR analysis with the mesh
resolution N × M = 400 × 400 at time t = 7.2

Table 4 Two-dimensional dam-breaking problem

N × M WENO Hybrid-MR Hybrid-ANN

Seconds Seconds SF Percentage (%) Seconds SF Percentage (%)

200 × 200 108.9 48.7 2.24 25.3 44.9 2.43 12.2

400 × 400 428.5 144.6 2.96 14.5 144.3 2.97 7.1

The CPU timings, speedup factors (SF) and WENO percentage of the WENO-Z and Hybrid schemes

speedup up to a factor of two compared with the WENO-Z scheme. The WENO percentage
of the ANN edge detector is only half of that in the Hybrid-MR scheme.

5.2 Euler Equations

We consider the two-dimensional Euler equations for gas dynamics in a conservative form:

Qt + Fx + Gy = 0, (6)

where the vectors of conservative variables Q, fluxes F and G in the x- and y-directions,
respectively, are

Q = (ρ, ρu, ρv, E)T , F = (
ρu, ρu2 + P, ρuv, (E + P)u

)T
,

G = (
ρv, ρuv, ρv2 + P, (E + P)v

)T
,

and the equation of state (EOS) is

P = (γ − 1)

(
E − 1

2
ρ(u2 + v2)

)
, γ = 1.4.
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The ρ, u, v, P , and E are the density, velocities in x- and y-directions, pressure and total
energy respectively.

5.2.1 One-Dimensional Shock-Density Wave Interaction Problem

This test case proposed in [24] describes the interaction of a right moving shock with an
oscillatory smooth wave. Its initial conditions are given by

(ρ, u, p) =
{(

27
7 , 4

√
35
9 , 31

3

)
if x < −4

(1 + 0.2 sin(5x), 0, 1) if x > −4
, x ∈ [−5, 5] . (7)

The boundary conditions are reflective boundary conditions. The solutions are simulated
on the mesh resolutions N = 400 and N = 800 cells, until the final time t = 1.8. Figures 11
and 12 show the density ρ and the temporal histories of the WENO-Z reconstruction at each
grid point as computed by the Hybrid-ANN scheme and Hybrid-MR scheme with different
mesh resolutions respectively. In the case of low mesh resolution N = 400, high frequency
waves can not be fully recognized. With the increasing of mesh resolution N = 800, high
frequency waves can be accurately identified. The CPU timings and WENO percentage are
shown in Table 5, the Hybrid-ANN scheme is as efficient as the Hybrid-MR scheme with
εMR = 5 × 10−3 in both the mesh resolutions.

5.2.2 Two-Dimensional Riemann Initial Value Problem

To examine the performance of the Hybrid schemes for higher dimensional problems, we
solve the classical Riemann initial value problems. According to [21], there are 19 gen-
uinely different admissible configurations for polytropic gas, separated by the three types
of one-dimensional centered waves. We refer readers to [21] for details. Here, we show the
representative results of configuration 3 with the mesh resolution N × M = 400 × 400, the
center is (x0, y0) = (0.8, 0.8) to allow a longer time simulation for a further development of
the fine scale structures. The initial conditions are

Q = (P, ρ, u, v) =

⎧⎪⎪⎨
⎪⎪⎩

( 1.5, 1.5, 0, 0 ), if x > x0 and y ≥ y0,
( 0.3, 0.5323, 1.206, 0 ), if x ≤ x0 and y ≥ y0,
( 0.029, 0.138, 1.206, 1.206 ), if x ≤ x0 and y ≤ y0,
( 0.3, 0.5323, 0, 1.206 ), if x > x0 and y < y0.

The densitywith flooded contours and lines are shown in Fig. 13. The large scale structures
of the flow agree well with those in the literature [21]. We remark that, compared with
the MR alalysis, the WENO Flag in x- and y-directions are very sharp with only a few
grid points contained in each segment showing the accuracy of the ANN shock detection
algorithm. Table 6 presents the CPU timings along with the speedup factor in the simulation
of configuration 3 with the WENO-Z, Hybrid-MR and Hybrid-ANN schemes. From the
results, one can see that the Hybrid schemes are substantially faster than the WENO-Z
scheme with a speedup factor increased about two as the mesh resolution increases, and the
Hybrid-ANN scheme is faster with less WENO percentage.

5.2.3 Two-Dimensional Mach 10 Double Mach Reflection Problem

To illustrate the efficiency of the Hybrid schemes in a more practical problem, we applied
both Hybrid schemes to solve the two-dimensional Mach 10 double Mach reflection (DMR)
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Fig. 11 (Left) The density ρ and WENO Flag of the shock-density wave interaction problem at time t = 1.8
and (Right) temporal histories of theWENO-Z reconstruction as computed by (Top) the Hybrid-ANN scheme
and (Bottom) the Hybrid-MR scheme with the mesh resolution N = 400

problem. In this problem, a Mach 10 normal shock wave impinges onto a wedge with a given
angle of inclination. By changing the frame of reference to the surface of the wedge, we
setup the computational domain as [0, 4]× [0, 1]. TheMach 10 oblique shock makes contact
with the lower domain boundary at 60 degree angle with the horizontal x-axis. The initial
conditions are

Q = (ρ, u, v, P) =
{

(8, 8.25 cos θ,−8.25 sin θ, 116.5) , x < x0 + y√
3
,

(1.4, 0, 0, 1) , x ≥ x0 + y√
3
,

with x0 = 1
6 and θ = π

6 . Supersonic inflow and free-stream outflow boundary conditions are
specified at x = 0 and x = 4, respectively. At the lower boundary y = 0, reflective boundary
conditions are applied in the interval [x0, 4]. At the upper boundary y = 1, the exact solution
of the Mach 10 moving oblique shock is imposed. The problem and its numerical results are
well documented in the literature [28].

We run the Hybrid-MR and Hybrid-ANN schemes with the mesh resolutions N × M =
400 × 100 and N × M = 800 × 200 cells to the final time t = 0.2. The density with
flooded contours and lines and the WENO Flag in x- and y-directions of the Hybrid-ANN
and Hybrid-MR schemes with the mesh resolutions N × M = 800 × 200 are shown in
Fig. 14. The CPU timings, percentage of the WENO-Z reconstruction, and speedup factors
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Fig. 12 (Left) The density ρ and WENO Flag of the shock-density wave interaction problem at time t = 1.8
and (Right) temporal histories of theWENO-Z reconstruction as computed by (Top) the Hybrid-ANN scheme
and (Bottom) the Hybrid-MR scheme with the mesh resolution N = 800

Table 5 One-dimensional shock-density wave interaction problem

N WENO Hybrid-MR Hybrid-ANN

Seconds Seconds SF Percentage (%) Seconds SF Percentage (%)

N = 400 0.75 0.56 1.34 17.5 0.59 1.27 11.9

N = 800 1.92 1.47 1.31 8.99 1.49 1.29 4.49

The CPU timings in seconds and speedup factors of the WENO-Z and Hybrid schemes

are shown in Table 7. Generally speaking, the Hybrid-ANN scheme captures the shock waves
and high gradients more accurate than the Hybrid-MR scheme.

6 Conclusion

In this work, we develop a new edge detector without the problem dependent parameter
based on a simple back propagation artificial neural network (ANN), which only contains
two hidden layers with {8, 4} neurons. The ANN edge detector is successfully employed
in the image edge detection and the high order hybrid Compact-WENO finite difference
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Fig. 13 Configuration 3. (Left) Density ρ and (middle) Flagx and (right) Flagy identified by (Top) the ANN
edge detector and (Bottom) the MR analysis with the mesh resolution N × M = 400 × 400 at time t = 0.8

Table 6 Configuration 3

N × M WENO Hybrid-MR Hybrid-ANN

Seconds Seconds SF Percentage (%) Seconds SF Percentage (%)

200 × 200 218.5 151.3 1.44 33.3 112.6 1.94 11.1

400 × 400 1863 888.2 2.09 19.2 717.7 2.59 5.81

The CPU timings, percentage of the WENO-Z reconstruction, and speedup factors (SF) of the WENO-Z and
Hybrid schemes
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Fig. 14 DMR problem. (Top) Density ρ and (middle) Flagx and (bottom) Flagy identified by (Left) the ANN
edge detector and (Right) the MR analysis with the mesh resolutions N × M = 800 × 200 at time t = 0.2
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Table 7 DMR problem

N × M WENO Hybrid-MR Hybrid-ANN

Seconds Seconds SF Percentage (%) Seconds SF Percentage (%)

400 × 100 150.8 92.6 1.63 26.5 75.3 2.00 11.8

800 × 200 1242 527 2.56 14.3 465.8 2.67 6.1

The CPU timings, percentage of the WENO-Z reconstruction, and speedup factors (SF) of the WENO-Z and
Hybrid schemes with the mesh resolutions N × M = 400 × 100 and N × M = 800 × 200

(Hybrid) scheme for the solutions of hyperbolic conservation laws respectively. It can capture
the image edges accurately with fewer grid points than the multi-resolution (MR) analysis.
Furthermore, the Hybrid scheme with the ANN edge detector use similar CPU time to that
with the MR analysis in solving the Euler and shallow water equations with the solutions
containing discontinuities. We also find that the number of non-smooth grid points (WENO
reconstruction) captured by the ANN edge detector is only half of that detected by the MR
analysis with a user tunable parameter.
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Appendix

A Multi-resolution Analysis

The general idea of multi-resolution (MR) analysis [5,13] is to generate a coarser grid of
averages of the point values of a function and measure the differences (MR coefficients) di
between the interpolated values from this sub-grid and the point values themselves. Given
an initial number of the grid points N0 + 1 and grid spacing �x0 in the domain [0, 1], we
shall consider a set of nested dyadic grids up to level L < log2 N0,

Gk = {xki , i = 0, . . . , Nk}, 0 ≤ k ≤ L, (8)

where xki = i�xk with �xk = 2k�x0, Nk = 2−k N0 and the cell averages of function u at
xki :

ūki = 1

�xk

∫ xki

xki−1

u(x)dx . (9)

Let ũk2i−1 be the approximation to ūk2i−1 by a unique polynomial of degree nMR = 2s that
interpolates ūki+l , |l| ≤ s at xki+l , where q = 2s + 1 is the order of approximation.

The approximation error (or multi-resolution coefficients), taking k = 1 for a single-level
MR, di = ū02i−1 − ũ02i−1 at xi , has the property that if u(x) is a C p−1 function, then

di ≈
{

[u(p)
i ]�x p

1 p ≤ q

u(q)
i �xq1 p > q

, (10)
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where [·] and (·) denote the jump ([ fi ] = | fi+1 − fi |) and the derivatives of the function
( f (p)

i = d p

dx p f (xi )), respectively. The MR coefficient di measures how close the data at the
finer grid can be interpolated by the data at the coarser grid.

Hence, one can determine the local smoothness of the function at a given point using the
MR coefficients di and set the MR flag, Flagi at xi , as

Flagi =
{
1, |di | > εMR Discontinuous,
0, otherwise Smooth,

(11)

where εMR is the MR tolerance and it is a user tunable parameter. εMR = 10−3 is used in this
study without state otherwise.

B Compact Finite Difference Schemes

The sixth order central compact finite difference scheme [16] can be written compactly as

Ag′ = Bg + b, (12)

where A and B are the banded coefficient matrices,

A =

⎛
⎜⎜⎜⎜⎜⎝

1 1/3
1/3 1 1/3

. . .
. . .

1/3 1/3 1/3
1/3 1

⎞
⎟⎟⎟⎟⎟⎠

, B = 1

36�x

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 28 1
−28 0 28 1
−1 −28 0 28 1

. . .
. . .

. . .
. . .

. . .

−1 −28 0 28
−1 −28 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (13)

The vector b is

b = 1

36�x

(−g−1 − 28g0, −g0, 0, · · · , 0, gN , 28gN + gN+1
)T − 1

3

(
g′
0, 0, 0, · · · , 0, 0, g′

N
)T

(14)
where g−1 = g (x0 − �x) and gN+1 = g (xN + �x) are the ghost points.

C Weighted Essentially Non-oscillatory Schemes

We briefly review the fifth order WENO-Z nonlinear scheme [3,7]. The 5-point global
stencil S5 = (xi−2, . . . , xi+2) is subdivided into three 3-point substencils Sk =
(xi+k−2, xi+k−1, xi+k), k = 0, 1, 2. The fifth degree polynomial approximation P5

i+ 1
2
to

a function P(x) at the cell boundaries xi+ 1
2
in the stencil S5 is built through the convex

combination of three second order interpolation polynomials P2
k (x) in each substencil Sk at

the cell boundaries xi+ 1
2
.

P5
i+ 1

2
=

2∑
k=0

ωk P
2
k

(
xi+ 1

2

)
, (15)

where

P2
0

(
xi+ 1

2

)
= 1

2
Pi−2 − 7

3
Pi−1 + 11

6
Pi ,
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P2
1

(
xi+ 1

2

)
= −1

6
Pi−1 + 5

6
Pi + 1

3
Pi+1,

P2
2

(
xi+ 1

2

)
= 1

2
Pi + 5

6
Pi+1 − 1

6
Pi+2,

and the nonlinear weights are

ωk = αk∑2
j=0 α j

, αk = dk

(
1 +

(
τ5

βk + ε

)p)
. (16)

Here τ5 = |β0 − β2|, k = 0, 1, 2. The sensitivity and power parameters are ε = 10−12 and
p = 2 respectively. The ideal weights dk are d0 = 1

10 , d1 = 3
5 , d2 = 3

10 . The regularity
(smoothness) in each substencil is measured by the smoothness indicators βk , which can be
explicitly expressed as

β0 = 13

12
(Pi−2 − 2Pi−1 + Pi )

2 + 1

4
(Pi−2 − 4Pi−1 + 3Pi )

2 ,

β1 = 13

12
(Pi−1 − 2Pi + Pi+1)

2 + 1

4
(Pi−1 − Pi+1)

2 ,

β2 = 13

12
(Pi − 2Pi+1 + Pi+2)

2 + 1

4
(3Pi − 4Pi+1 + Pi+2)

2 .
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